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g[,$kY[GPe
Bksr = (φk · ∇φs ,φr)
C ′′kr = − (u · ∇φk ,φr) − (φk · ∇u ,φr) + (∆φk ,φr) /Re
A′′r = − (u · ∇u ,φr) + (∆u ,φr) /Re
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¥W[&nj[
(·, ·) ofhpW[G|~kYu1kYor&|~ l2 okYkY[Gn}Ynjugglh 3 hpW[`hj[&njZf A′r
|@k
C ′kr ak(t)
|~nj[`|@g[Goku@ng[&n
hjuZ\uPY[&5hjWY[¤ok1hj[&n|@hpou@ku~hpWY[lYkYnj[Gfpu@±@[G<Z\uPY[Gf¥ohpW#hjWY[¤nj[Gfpu@±@[Gyu@k[GfG©VNWY[&e#|~rfu¹h|~´1[
okFhpu|@Gu1lYkFh¬hjWY[[§R[Ghu~hpWY[}Ynj[GfjfplYnp[\gnju@}|~u@kYhjWY[¤W|~kkY[&>© eyf[&hhpokY
A′r = Ar − A′′r|@k
C ′kr = Ckr − C ′′kr
fpegfihj[&Z   nj[G|@f
ȧr(t) = fr(a1, ..., aNr , Ar, Ckr) = Ar + Ckrak(t) −Bksrak(t)as(t)
ar(0) = (u(x, 0),φr)
Dz 
)³k±Po[G¥ u@%hpW[¬u1nhjWYu@1u@k|@ohie\u~hpWY[s  Z\ugg[3f&ÂPhjWY[okYk[&n}YnjugglUhu@%hpW[o¯²>hpW¹fk6|~}fpWYu~h|~k6
hjWY[np²>hpW·Z\ugg[¤nj[&}Ynj[Gfp[&kFhjfhpWY[np[&­[&nj[&k&[±H|@l[¤u~+&uF[&¶¤o[&kFh
ar(t)
u1Z/}lghp[3·|h'hjWY[hjoZ\[
ti
Â
hjW|horf
âr(ti) = (W
(i),φr)
©cPok6[ hpWY[\fk6|~}fpWYu~hf+u@5hpWY[ £u¥«|@np[
N
ÂIhpWY[Gnp[ ¥o96[\|gorfjnj[hp[
fp[hu@
N
nj[­[Gnp[Gk[\±|~lY[3f­u@n[3|@W·|~Z\}Yohplg[
ar(t)
©#[&|@k#}6|@fjf¬­npu1Z hpW[gorfp&np[&hp[\hpu¡hpWY[
&u@kFhpokPlYu@l6fwf[&hhjokYok¡hpWY['hpoZ/[ ±|~njo|@Y[Pe¹g[$6kYok
âr(t)
|@fwhpWY[/f}YokY[ok1hj[&nj}6u1|~hpokYhjWY[ fp[h
u@}Iu@okFhjf {[t1, âr(t1)] , . . . , [tN , âr(tN )]} ©
t1 tN=Tt2
a (t)r
âr(t)
t
a ( )r 0
 	o@lYnj[z19stnju~vi[Ghpou@k±gf&©9}Ynj[GgorUhjou1k
¸h	hpWYorf9}Iu@ok1h	hpW[&uF[&¶¤o[&kFhjf
Ar
Â
Ckr
&|@kI[­u1lYk fu+hpW|~hhjWY[|@Z\}Yohpl6g[&uP[¶¤o[&kFhjf
ar(t)
Â
&u@Z\}Ylghj[G<Fe¡fpu@±Pok Dz  DY|@fpWY[3¡okY[/ok<hjWY[/fp´@[&hjWyu~&$1lYnj[/z  Âº|~nj[ |1f¬&uFf[/|@f`}6uFfpfpoY[ hpu
hjWY[u1npnj[Gfp}6u1kgokYnj[­[Gnp[Gk[|~Z\}Yo¯hjlg[3f
âr(t)
àfpu@ookY[ok¤hpW[fp´@[&hjWu~0$6@lYnj[¬z  ©t{[3&|@ok
hjW|h
T = tN
ÂghjWYofwu@gvi[3Uhpo±@[orfNnp[3|@WY[3¤PeZ\okYoZ/o5'&okY/hpW[­lYkUhjou1k|~
∫ T
0
Nr∑
r=1
(ar(t) − âr(t))2dt
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lkg[&nwhpWY[&u@kfhpn|~okFhjf"Dz  ©VNWY[}Ynj[&±Pou1lfN}Ynju@Y[&Z ofw[GqFlYo±H|@[GkFhhpu $kYokY\hjWY[lYk6u@k6fihjnj|@okY[3
[&µPhpnj[&Z'lZ,u~hpWY[­lYk6Uhpou@k6|~1
J =
∫ T
0
Nr∑
r=1
(ar(t) − âr(t))2dt+
∫ T
0
bk [ȧk(t) −Ak − Clkal(t) +Blskal(t)as(t)]dt.
¥W[&nj[
bk
of¬hjWY[/|@}Y}Ynju@}Ynjor|hp[ %|@@n|~kY1[Z'lYhpo}Yo[GnG© V%uhpWYorf¬[&k<hpW[/±|@kYofpWYokYu@hjWY[  npm3WY[h
Y[&njo±|hjo±1[GfNu@ J (ar(t), br(t), Ar , Ckr) ¥ohpW¹np[3f}I[Ghhpu¤|@ºu@	ohjf+|~nj@lYZ\[&kFhfNZ'lfhw6['oZ\}Iu1fp[Gª©VNWofN[G|1Yfhpu\hjWY[­u@u¥okY/u@}ghjoZ|@ohie¤}Ynju@Y[&Z
{
ȧr(t) = Ar + Ckrak(t) −Bksrak(t)as(t)
ar(0) = (u(x, 0),φr)
gonj[Gh}Ynpu1Y[&Z   
{
−ḃr(t) = [Crk − (Blrk +Brlk)al(t)] bk(t) − 2 [ar(t) − âr(t)]
br(T ) = 0
|@Hviu1okFh}Ynju@Y[&Z  + 
{∫ T
0
br(t)dt = 0∫ T
0
ak(t)br(t)dt = 0
u1}ghpoZ|~o¯hie&u@kYo¯hjou1kf D 
¥W[&nj[`|~Ru~ªhjWY[flY6fp&npo}ghjf@u'­npu1Z
1
hju
Nr
©5VNWY[Gfp[`[3qFl|hjou1kf|@np[¬gorfp&np[&hpo5'&[G¤¥o¯hjW| }f[Glgu 
fp}I[GUhjnj|@F&u@ugG|hpou@k'Z/[&hpWYug |~u@kY+hpWY[
t
|~µPorfG©VNWY[­lYkhpou@kf
ar(t), br(t)
|~k
âr(t)
|~nj[fj|~Z\}Y[G
|~h¤hpW[
Nt
/|@lfpf² ºu@6|hhju·}6u1okFhf
ti = T/2 (1 − ξi)
¥ohpW
ξi = cosπ(i − 1)/(Nt − 1)
|~k
i = 1, . . . , Nt
ÂGhjW|hºorf
air = ar(ti), bir = br(ti)
|@k
âir = âr(ti)
©	¸wkok1hj[&nj}6u1|~hpou@korfº}I[&np­u@njZ/[3
hju\np[&hpnjo[G±@[`hpWY[±|~lY[3fu~hpWY[­lYk6Uhpou@k6fw|H¥|He/­nju@Z hpWY[kYugY|@º}6u1okFhf
ti
ÂYZ\u1np[¬}Ynj[Gorfp[&e
ar(t) ≈
Nt∑
j=1
ψj
(
1 − 2
T
t
)
ajr
br(t) ≈
Nt∑
j=1
ψj
(
1 − 2
T
t
)
bjr
âr(t) ≈
Nt∑
j=1
ψj
(
1 − 2
T
t
)
âjr
¥W[&nj[
ξ = 1 − 2 t/T |~k6 ψj(ξ) |@np[hjWY[ %|~1nj|@kY@or|~kok1hj[&nj}6u1|~hpokY}Iu@ePkYu@Z\or|~rfw|1f[3u@k¡hpWY[kuPY[Gf
ξi
©5VNWY[+hpoZ/[¬g[&njo±H|~hpo±@[3f5u~ªhjWY[ $nfihhi¥uokFhp[Gnp}Iu@r|hj[G/­lYkhpou@kf|hhpWY[`kYugY|~6±|~lY[Gf|~nj[
hjWY[&k
ȧr(ti) ≈ −
2
T
Nt∑
j=1
dψj
dξ
∣∣∣∣
ξi
ajr =
Nt∑
j=1
Dij ajr,
ḃr(ti) ≈ −
2
T
Nt∑
j=1
dψj
dξ
∣∣∣∣
ξi
bjr =
Nt∑
j=1
Dij bjr .
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VNW[Yo¯§R[&nj[&kFhpor|hjou1k¹Z\|~hpnjo¯µ&|~kI[­u@lYkok ! + " |~kofN[3qFl|~ªhju
Dij = −
2
T
dψj
dξ
∣∣∣∣
ξi
= − 2
T



ci
cj
(−1)j+i
ξi − ξj
j 6= i
−1
2
ξi
1 − ξ2i
j = i 6= 1, Nt
2(Nt − 1)2 + 1
6
j = i = 1
−2(Nt − 1)
2 + 1
6
j = i = Nt
¥ohpW
c1 = cNt = 2
|~k
c2 = · · · = cNt−1 = 1
©
VNWY[#u@}YhpoZ\|@ohie"u1kgohpou@k G|~k¢I[#np[G¥npohhj[&k¢ok¢hj[&njZ\fu@hpWY[ok1hj[&nj}6u1|~hp[3 ­lYkhpou@kf¹|@f
­u1u¥wf
∫ T
0
ak(t)br(t)dt ≈
Nt∑
i=1
Nt∑
j=1
aik Iij bjr
> 
¥W[&nj[`hjWY[ok1hj[&1nj|@f
Iij =
∫ T
0
ψi(ξ)ψj(ξ)dξ
¥ohpW
i, j = 1, . . . , Nt
|@np[wG|~rlYr|hj[G/Pe'Z\[G|@kf5u@ %[&1[&kgnj[wqFl|@Ynj|~hplYnj[@©; ok|@e@Â1Fe/±Ponphpl[u~ à  |~k Ú  ÂF[GqFl|~hpou@kf
  ²i  |~nj[gofjnj[hjo('G[G|@f­u1u¥wf
a1r = ar(0) r = 1, . . . , Nr
Dijajr −Ar − Clrail +Blsrailais = 0 i = 2, . . . , Nt, r = 1, . . . , Nr
Dijbjr + Crsbis − (Blrs +Brls)ailbis − 2 [air − âir] = 0 i = 1, . . . , Nt−1, r = 1, . . . , Nr
bNtr = 0 r = 1, . . . , Nr
1i Iij bjr = 0 r = 1, . . . , Nr
aik Iij bjr = 0 k = 1, . . . , Nr r = 1, . . . , Nr
¥W[&nj[
1
ofN|
Nt
²ÚYoZ\[&k6fou@k|@I|@npn|He/u~%u1kY[GfG©	VNW[Gfp[¬|@np[
2NtNr +Nr +N
2
r
|@1[&Yn|~or[GqFl|~hpou@kf
okhpWY[
2NtNr +Nr +N
2
r
lYk´Fku¥kfN|~k¹|~nj[fu1±1[G¤¥ohpW|/]w[G¥Nhpu@k¹Z\[hjWYug¥WoWu1kP±@[&nj@[3f
n|~}oge@©VNWY[kPlYZ 6[Gn
Nt
Z lfh6[r|~nj@[/[&kYu1lY@Wyhpu}npuggl&[|1uPuP#g[3fp&npo}ghpou@k#u~hpWY[Wo1W
­nj[GqFlY[GkeI[&W6|H±Fou@n¬u~hpWY[|@Z/}ohplY[\&uP[¶¤o[&kFhjfGÂ%&u@kfp[GqFlY[Gk1hje¹ohfWYu1lYr<I[\ok&np[3|@fp[G¥ohpW
hjWY[oknj[G|1f[¬u~
Nr
©
VNWY[­u@njZ\[&n/}YnjuP&[Gglnp[3f G|~kI[okFhp[Gnp}np[&hp[G)|@f/|yG|~onj|~hpou@k·u~+hpWY[¹Z\ugg[&Nu@kThpWY[¹@o±@[Gk
|hj|@|@fp[@©
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VNW[­np[3qFlY[&k&ey|@k·|~Z\}Yo¯hjlg[¤u@NhpWY[¤uFfp&or|hpou@k6fu~NhpWY[¤£u¥ ok·hjWY[¤¥N|~´@[|@np[¤&u@Z\}Ylghj[G·|h
fp[&±1[&n|~±H|@l[Gf u~whjWY[{w[&ePkYu@rYf kPlYZ'I[&n/6[&hi¥[G[&k
60
|@k
70
© -tµFhjnj|@}6u1|~hpokYhju#¡hpWY[¥|@´@[
uFfp&or|hpou@k"|@Z/}ohplY[y|@f|­lYkhpou@k¢u@hpWY[#{[&ePkYu1YfkPlYZ'I[&n3Âwoh¥|1f­u1lYk hjW|h² ok"hpWY[
}np[3f[Gk1h&u@k$6@lYn|hjou1k)² hpWY[ynjo¯hjoG|~w±|~lY[­u1n¤hjWY[<u1kf[&h¤u~}I[&njouggor¹£u¥¦orf|~}}YnpuHµgoZ|hp[Ge
Re = 57
©
#[¡u1kforg[Gn\|ykPlYZ\[&njoG|~Y|~hj|~6|@fp[u@+hpW[¹£u¥ g[G±@[&u@}okY#u@lYh\u@+hjWY[¹lYkfhj|~[1Âfhp[3|@ge
fpu@lghjou1k<|h
Re = 66
©¸wÆhp[&nokYohpor|~o('3|hpou@k<­npu1Z np[3fih3ÂR¥[/oY[&kFhpo­ehpW[/fpePZ/Z\[&hpnjo $[&r¡W6|H±FokY
Z\okYoZ\|@hpoZ/[nj[Gfpogl6|~>Ât|@f'hpWY[¹fihj[G|1gelYkfhj|~[¹fu1lYhpou@kºÂtfp[&[ $@lYnj[<1©  Ynju@Z hpW[&nj[u@k%Â5hpWY[
 ]`cokgor&|~hp[3fNhpW|~hhpWY[hjnj|@kfpo[Gk1hwr|@fhjf|@6u1lgh 	1/lkYo¯hfu~	hpoZ\[@Â6lYkFhpoªhpWY['oZ\o¯h`&eg[fu1lghjou1k
orf|hphj|@okY[3ª©
 lYn okFhj[&kFh orfhju<fpoZ lY|~hp[hjWY[okYohpor|~}|~nph u@NhpWY[hpn|~kfpo[GkFh'u@njo1ok6|hpokY¹­nju@Z hpWY[fihj[G|1ge@Â
lkfih|~Y[fpu@lghpou@k|h
Re = 66
©  [&1okkYok ­nju@Zfl6W¹|fpu@lghjou1k¹|fpoZ'lYr|hjou1kr|@fhpokY+1\lkYo¯hf
u@thpoZ\[\¥|1f+}I[&np­u@njZ\[Gª©'¸ Z\ugg[&5o´1[hjWY[\u@kY[/u~[3qFl|hjou1k Dz  G|~ky6[g[3gl[3­nju@Z fplWy|
|hj|@|@fp[@ÂH¥ohpW'hpWY[lYkY´PkYu¥kf
Ar, Ckr
&|@&lYr|hp[3'|1&u1njYokYwhpu`hpWY[}YnjuP&[Gglnp[g[GfjnjoI[G'|~Iu±@[@©
VNWY[kFlZ'I[&n'u@s  Z\ugg[3flfp[G#­u1nhpWY[Z\uPY[&orf
Nr = 4
Â¥WoW·ePo[&rYfhjWY[­u@u¥okY
[Gnpnju@nokhj[&njZfNu~9np[3u@k6fihjnplhp[3£u¥ [&kY[Gnp1e91
1
N
N∑
i=1
‖W(i) − ∑Nrn=1
(
W
(i),φn
)
φn‖
‖U(i)‖
= 0.005.%
)³k  o©  D|  hjWY[`fpu@lghjou1k¤u~ªhjWY[+Z\ugg[&Iokhp[GnpZfu~ªhpW[whpoZ\[+[G±@u@lghjou1ku~ªhpW[`uP[&¶&o[GkFhjf
ai(t)
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 1à|  snp[3gohpou@k u~YhjWY[Z\ugg[GPG|~onj|~hp[G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at(t) = J a(t).
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a(t) = Q exp (Λt)Q−1a(0)
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a(t) = [a1(t), . . . , aNr(t)]
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λ1 = 0.03+0.74i
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λ2 = 0.03−0.74i
Â
λ3 = −0.16
Â
λ4 = −0.09
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Q =


0.71 0.71 −0.10 −0.02
−0.00 + 0.70i −0.00− 0.70i −0.03 −0.10
−0.00− 0.00i −0.00 + 0.00i −0.32 −0.92
−0.00− 0.00i −0.00 + 0.00i −0.94 −0.37
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ȧr(t) = −(∇p,φr) +A′′r + C ′′krak(t) −Bksrak(t)as(t) −E′′r ċ− F ′′r c2 + (G′′r −H ′′krak)c
ar(0) = (u(x, 0),φr)
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E′′r = (uc ,φr)
F ′′r = (uc · ∇uc ,φr)
G′′r = (∆uc ,φr) /Re− (u · ∇uc ,φr) − (uc · ∇u ,φr)
H ′′kr = (uc · ∇φk ,φr) + (φk · ∇uc ,φr)
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−(∇p,φr) = A′r + C ′krak(t) −E′r ċ− F ′rc2 + (G′r −H ′krak)c
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A′r = Ar − A′′r
Â
C ′kr = Ckr − C ′′kr
Â
E′r = Er −E′′r
Â
F ′r = Fr − F ′′r
Â
G′r = Gr −G′′r
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H ′kr = Hkr −H ′′kr
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ȧr(t) = Ar + Ckrak(t) −Bksrak(t)as(t) −Er ċ− Frc2 + (Gr −Hkrak)c
ar(0) = (u(x, 0),φr)
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c(t) = −2/π sin(2π t Tref/TS) arctan(t Tref )
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Ar
Â
Ckr
Â
Er
Â
Fr
Â
Gr|@k
Hkr
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{
ȧr(t) = Ar + Ckrak(t) −Bksrak(t)as(t) −Er ċ− Frc2 + (Gr −Hkrak)c
ar(0) = (u(x, 0),φr)
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{
−ḃr(t) = [Crk −Hrkc(t) − (Blrk +Brlk)al(t)] bk(t) − 2 [ar(t) − âr(t)]
br(T ) = 0
|@Hviu1okFhw}Ynju@Y[&Z



∫ T
0 br(t)dt = 0∫ T
0 ak(t)br(t)dt = 0∫ T
0
bk(t)ċ(t)dt = 0∫ T
0 bk(t)c
2(t)dt = 0
∫ T
0
bk(t)c(t)dt = 0∫ T
0 ak(t)br(t)c(t)dt = 0
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